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Exam A

A1 Recall that a regular icosahedron is a convex polyhedron having 12 vertices and 20 faces; the faces are congruent
equilateral triangles. On each face of a regular icosahedron is written a nonnegetive integer such that the sum
of all 20 integers is 39. Show that there are two faces that share a vertex and have the same integer written on
them.

A2 Let S be the set of all positive integers that are not perfect squares. For n in S, consider choices of integers
a1,as9,...,a, such that n < a; < as < -+ < a, and n-ay - az---a, is a perfect square, and let f(n) be the
minimum of a, over all such choices. For example, 2 -3 -6 is a perfect square, while 2-3,2-4,2-5,2-3-4,
2-3-5,2-4-5,and 2-3-4-5 are not, and so f(2) = 6. Show that the function f from S to the integers is
one-to-one.

A3 Suppose that the real numbers ag, aq,...,a, and z, with 0 < x < 1, satisfy

Qg a1 Qp

— DY — 0.

1—=x 1—x2+ +1—x”

Prove that there exists a real number y with 0 < y < 1 such that

ag+ay+---+apy” =0.

A4 A finite collection of digits 0 and 1 is written around a circle. An arc of length L > 0 consists of L consecutive
digits around the circle. For each arc w, let Z(w) and N(w) denote the number of 0’s in w and the number of
1’s in w, respectively. Assume that |Z(w) — Z(w’)| < 1 for any two arcs w,w’ of the same length. Suppose that
some arcs wi, . . . , W have the property that
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are both integers. Prove that there exists an arc w with Z(w) = Z and N(w) = N.

A5 For m > 3, a list of (’g) real numbers a;;, (1 <4 < j <k < m) is said to be area definite for R™ if the inequality

Z aijkArea(AAiAjAk) Z 0

1<i<j<k<m
holds for every choice of m points Ay, ..., A, in R™. For example, the list of four number a193 = @194 = @134 =
1,a934 = —1 is area definite for R?. Prove that if a list of (Tg) numbers is area definite for R?, then it is area

definite for R3.

A6 Define a function w : Z x Z — Z as follows. For |al,|b| < 2, let w(a,b) be as in the table shown; otherwise, let
w(a,b) = 0.

b
w(a,b)|—2 -1 0 1 2
-2(-1 -2 2 -2 -1
-1/-2 4 -4 4 =2
a 0] 2 -4 12 —4 2
4 -4 4 -2
2/-1 -2 2 =2 -1
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For every finite subset S of Z x Z, define
AS) = > w(s—+).
(s,;8")eSXS

Prove that if S is any finite nonempty subset of Z x Z, then A(S) > 0. (For example, if S =
{(0,1),(0.2),(2,0), (3,1)}, then the terms in A(S) are 12,12,12,12,4,4,0,0,0,0,—1,—1,—2, -2, —4, —4.)
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