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Abstracts 

 

Control and inverse problems for Krein's string" 

Sergei Avdonin 

Fairbanks, Alaska, USA 
saavdonin@alaska.edu 

 

We consider the problem of boundary control for a vibrating string with N interior point masses. 

We assume the control is at the left end, and the string is fixed at the right end. Singularities in 

waves are \smoothed" out to one order as they cross a point mass. We characterize the reachable set 

for L2 controls. The control problem is reduced to a moment problem, which is then solved using 

the theory of exponential divided differences in tandem with unique shape and velocity 

controllability results. Based on the controllability result we solve the dynamical inverse problem, 

i.e. recover unknown parameters of the system from the Dirichlet-to-Neumann map given at a 

boundary point. 

mailto:saavdonin@alaska.edu
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Energy-efficient control of magnetization switching in nanowires 
Mohammad Badarneh

1
, Grzegorz Kwiatkowski

1
, Pavel F. Bessarab

1,2
 

1. University of Iceland, Reykjavik, Iceland 

2. ITMO University, Faculty of Physics and Engineering, St. Petersburg, Russia 

 

Bistable magnetic nanowires hold great promise as a basis of novel digital devices. Development of 

this technology depends critically on the knowledge about energy-efficient manipulation of the 

magnetization. 

 In this study, we apply optimal control theory to predict energy-efficient protocols of 

external magnetic field pulses for the magnetization reversal in Co nanowires [1]. We calculate 

optimal control paths (OCPs) of the magnetization reversal, i.e. reversal trajectories minimizing the 

energy cost of magnetization switching, and explore how the OCPs depend on various parameters 

such as the switching time, nanowire length and Gilbert damping. We obtain time- and space-

resolved shape and amplitude of optimal switching pulses from calculated OCPs by solving the 

inverse problem in the Landau-Lifshitz-Gilbert equation. 

 The OCP calculations demonstrate that short nanowires reverse their magnetization via 

coherent rotation which can be induced by applying uniform external magnetic field with frequency 

defined by a collective in-phase precession of the magnetization [2]. If the length of the wire 

exceeds a certain critical length, standing spin wave emerges and effectively assists the 

magnetization reversal (see Fig. 1). We find that the critical length at which the crossover between 

the coherent rotation of magnetization and spin wave assisted switching occurs depends on the 

switching time and damping parameter.  

 At finite temperature, the dynamical trajectory deviates from the ideal zero-temperature 

solution, but still leads to a switching event with high probability as long as the thermal energy is 

much smaller than the energy barrier separating the stable states (see Fig. 1). The obtained 

switching protocols are therefore quite robust with respect to thermal fluctuations.  

 This work was funded by the Russian Science Foundation (Grant No.19-72-10138) and the 

Icelandic Reseach Fund (Grant No. 184949-052). 

 

[1] M.H.A. Badameh, G.J. Kwiatkowski, P.F. Bessarab, Nanosyst.: Phys. Chem. Math. 11, 294 

(2020).  

[2] G.J. Kwiatkowski, M.H.A. Badarneh, D.V. Berkov, P.F. Bessarab, under review at: Phys. Rev. 

Lett. Manuscript available online: https://arxiv.org/abs/2004.02146 

 
Figure 1 Evolution of the longitudinal component of the magnetic moment of the nanowire 

during the magnetization reversal induced by the optimal pulse of applied magnetic field at zero 

(dashed line) and non-zero temperature (solid line; energy barrier between the stable states 

exceeds the thermal energy by a factor of 50). The letters label the states for which magnetic 

configurations are shown in the upper panel. τ0 is the period of the uniform precession. 

https://arxiv.org/abs/2004.02146
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Multi-particle quantum graphs with high symmetry 
A.S.Bagmutov 

ITMO University, Saint Petersburg, Russia 

Bagmutov94@mail.ru 

 

Quantum graphs are one-dimensional geometric structures composed of edges and vertices and 

equipped with a Schroedinger operator. They combine the simplicity of one-dimensional models 

with the potential complexity of graphs. In the current project we investigate a graphs with a star-

like geometry, on which two particles are interacting with delta potential. We try to utilize the 

symmetries of a graph to modify the problem and find explicit solutions. 

 

This work was partially financially supported  by RFBR (project number 20-31-90050 

 

mailto:Bagmutov94@mail.ru
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Influence of the topological structure of quantum graph on 

resonance asymptotics 

A.G. Belolipetskaya 

ITMO University, Saint Petersburg, Russia 

E-mail: annabel1502@mail.ru 

Investigation of the asymptotic behavior of resonance states on quantum graphs by analytical 

methods can be quite difficult. Therefore we would like to have an algorithm that would allow us to 

easily determine the type of asymptotic behavior. Earlier in the works of P. Exner, E.B. Davies 

investigated the asymptotic behavior of the Schrödinger operator on quantum graphs with Kirchhoff 

coupling conditions, and later with general coupling conditions. This approach made it possible to 

very simply analytically determine the type of asymptotic behavior. Unfortunately there are 

currently no analogous algorithms for the Dirac operator on quantum graphs, although the Dirac 

operator is used in many branches of physics: in solid state physics, in models with spin-orbit 

interaction, in scattering theory, etc. To obtain an algorithm the operator Dirac on quantum graphs 

with Kirchhoff coupling conditions. It will be shown how the topological structure of  a quantum 

graph affects asymptotic behavior. This influence will make it easy to analytically determine the 

asymptotic behavior of resonance states.  
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Regularisation for two close point-like windows 

A.A.Boitsev, A.G. Belolipetskaya, S.Fassari, I.Y.Popov 

ITMO University, Saint Petersburg, Russia 

CERFIM,  Locarno, Switzerland 

E-mail: boitsevanton@gmail.com 

A model of 2D Helmholtz resonator with two close point-like windows is considered. The Dirichlet 

condition is assumed at the boundary. The model is based on the theory of self-adjoint extensions of 

symmetric operators in Pontryagin space. The model is explicitly solvable and allows one to obtain 

the equation for resonances (quasi-eigenvalues) in an explicit form. A proper choice of the model 

parameter leads to the coincidence of the model solution with the main term of the asymptotics (in 

the window width) of the realistic solution, corresponding to small windows. A regularisation is 

suggested to obtain a realistic limiting result for two merging windows. 

The work was partially supported by Russian Science Foundation (grant 16-11-10330). 

mailto:boitsevanton@gmail.com
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Electron transport in linear atom chain with impurity 

S. Botman 

Baltic Federal University, Kaliningrad, Russia 

stepan.botman@gmail.com 

 

In this work we consider the problem of electron transport in equidistant linear chain of identical 

atoms in three-dimensional space with extra atom acting as impurity defect. The potential of the 

system is described in terms of zero range potential approximation, which allows to obtain 

analytical expression for energy dispersion and electron wave functions. For electron in periodical 

potential left and right Bloch functions are obtained by flux normalization, which then used for 

setting up the scattering problem. Calculation of electron transport is performed using Kolmogorov 

equation and data for scattering probability. 

mailto:stepan.botman@gmail.com
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The semi‐classical limit with a delta potential 
C. Cacciapuoti 

Como, Italy, 

claudio.cacciapuoti@uninsubria.it 

 

We consider the semi-classical limit of the quantum evolution of Gaussian coherent states, in 

dimension one, and when the Hamiltonian is given by the self-adjoint operator formally written as 

the Laplacian plus a Dirac delta-distribution supported in x=0. It is well known that this 

Hamiltonian can be obtained as a self-adjoint extension of the restriction of the Laplacian to the set 

of smooth functions which are zero in x=0.  To describe the semi-classical limit, we consider the 

symmetric operator obtained as the restriction of the free generator of the classical dynamics, in the 

phase space, to the set of smooth functions with support outside the region q=0 (q being the 

coordinate of the classical particle).  

We show that there exists a self-adjoint extension of this operator such that the associated quasi-

classical evolution of a Gaussian coherent state approximates the corresponding quantum dynamics 

uniformly, for any time away from the collision time, with an error of order h^s, with s<3/2, and 

where h is a dimensionless parameter proportional to the reduced Planck's constant. The quasi-

classical dynamics does not correspond to the complete reflection due to an infinite barrier.  

 

Similar approximation results are also provided for the wave and scattering operators. 

 

This is a joint work with Davide Fermi and Andrea Posilicano. 

mailto:claudio.cacciapuoti@uninsubria.it
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Boundary perturbations of planar waveguides: 

oscillating boundary, windows, non-periodic perforations 
G. Cardone 

Dep. of Engineering, University of Sannio, Benevento, Italy 

 

We consider an elliptic operator in a planar infinite strip perturbed in  different ways: 

- by substituting one side of the boundary by a fast oscillating curve.  

We assume that both the period and the amplitude of the oscillations are small and impose the 

Dirichlet condition on the upper boundary and Dirichlet, Neumann or Robin boundary condition on 

the oscillating boundary. In all cases we describe the homogenized operator, establish the uniform 

resolvent convergence of the perturbed resolvent to the homogenized one, and prove the estimates 

for the rate of convergence. These results are obtained as the order of the amplitude of the 

oscillations is less, equal or greater than that of the period. It is shown that under the 

homogenization the type of the boundary condition can change. 

-  by infinite numbers of "windows": 

We impose the Dirichlet condition on the upper boundary and frequent alternation boundary 

condition on the lower boundary. The alternation is introduced by the periodic partition of the 

boundary into small segments on which Dirichlet and Neumann (the "windows") conditions are 

imposed in turns. We study the cases when the homogenization gives the Dirichlet or Neumann 

condition instead of the alternating ones, and we establish the uniform resolvent convergence and 

the estimates for the rate of convergence; moreover, we study the spectrum of the perturbed 

operators. 

- by a perforation by small holes along a curve. 

We impose mixed classical boundary conditions (Dirichlet, Neumann and Robin) on the holes. 

Assuming that the perforation is non-periodic and satisfies rather weak assumptions, we describe all 

possible homogenized problems. Our main result is the uniform resolvent convergence of the 

perturbed operator to a homogenized one in various operator norms and the estimates for the rate of 

convergence. On the basis of the norm resolvent convergence, we prove the convergence of the 

spectrum. 

These results are part of joint works with D. Borisov, 
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On the nonlinear Dirac equation on metric graphs 

Raffaele Carlone, W. Borrelli and L. Tentarelli 

Napoli, Italy 

ozellus@gmail.com 

 

In this talk I  will review some recent results on the nonlinear Dirac (NLD) equation on metric 

graphs. 

In the case of  localized Kerr nonlinearities, with Kirchhoff-type conditions at the vertices,  we 

discuss existence and multiplicity of the bound states. We also prove that, in the subcritical case, 

they converge to the bound states of the nonlinear Schr\"odinger equation in the nonrelativistic 

limit. 

In the second part we consider a Kerr-type nonlinearity  on non-compact metric graphs with a finite 

number of edges, in the case of Kirchhoff-type vertex conditions. We prove local well-posedness 

for the associated Cauchy problem in the operator domain and, for infinite N-star graphs, the 

existence of standing waves. 
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Effect of confinement, correlation and electron-phonon interaction in 

low-dimensional systems 

Ashok Chatterjee 
School of Physics, University of Hyderabad, Hyderabad 500046, India 

The effect of confinement, correlation and electron-phonon interaction will be discussed in low-

dimensional systems. We will show that a pair of two electrons and a    complex can form stable 

bound states in a Gaussian quantum dot. We shall furthermore discuss the bipolaron stability and 

phonon-induced Zeeman suppression in a quantum dot. Finally we shall show using the Holstein-

Hubbard model that there exists an intermediate metallic phase in a one-dimensional correlated 

electron-phonon system at the cross-over region of the charge density phase and the spin density 

phase. We also show that better variational calculations and the presence of anharmonicity widen 

the intervening metallic phase 
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On the long-distance charge transport in DNA-like macromolecules 
A.Chizhov 

Joint Institute for Nuclear Research, Dubna, Russia 

 

Dalibor Chevizovich, Zoran Ivić 
Vinča Institute of Nuclear Sciences, Belgrade, Serbia 

 

Alexander Reshetnyak 
Institute of Strength Physics and Materials Science SB RAS, Tomsk, Russia 

 

We investigate the possibility of stable migration of charge carriers over long distances in DNA-

like macromolecular structures in the form of an adiabatic soliton and derive the conditions for the 

formation of solitons. We found two types of soliton solutions: symmetric and antisymmetric. 

Comparing the energy of both types of soliton solutions with the energy of free extra charge, we 

found the region of the system parameters in which the soliton states are more energetically 

favorable than the states of quasi-free charges. At the same time, which of the two mentioned 

soliton solutions corresponds to an energetically favorable state depends on the ratio of the energy 

parameters of the molecular structure 
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Parseval frames and exponentially localized magnetic Wannier 

functions 
Horia Cornean 

Department of Mathematical Sciences, Aalborg University,  

Skjernvej 4A, 9220, Aalborg,  Denmark 

cornean@math.aau.dk 

 

The talk is about the construction of exponentially localized bases for the range of spectral 

projections of magnetic Schrödinger operators, especially when periodicity is lost. Such bases are 

used for the construction of effective discrete models. 

mailto:cornean@math.aau.dk
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Scattering along a curve in a plain 
Jaroslav Dittrich 

Nuclear Physics Institute CAS, Rez, Czech Republic 

dittrich@ujf.cas.cz 

 

Scattering of a non-relativistic quantum particle trasversally bounded to an infinite planar curve by 

the delta interaction is considered. The particle energy is assumed negative between the trasversal 

bound state and zero. The existence of the wave operators is proved, their completeness remains an 

open question. The result is a part of the paper "Scattering of particles bounded to an infinite planar 

curve", Rev. Math. Phys. 32 (2020) 2050029 (to appear, online ready, DOI: 

10.1142/S0129055X20500294). 

mailto:dittrich@ujf.cas.cz


21 
 

Discrete spectrum of soft quantum waveguides 
Pavel Exner 

Doppler Institute for Mathematical Physics 

and Applied Mathematics, Prague 
xner@ujf.cas.cz 

 

The topic of this talk are bound states of soft quantum waveguides described by a two-dimensional 

Schrodinger operators with an attractive potential in the form of a channel of a fixed profile built 

along an infinite smooth curve which is not straight but it is asymptotically straight in a suitable 

sense. Using Birman-Schwinger principle we show that the discrete spectrum of such an operator is 

nonempty if the potential well defining the channel profile is deep and narrow enough. Some related 

results and questions to be addressed will be also mentioned. 

 

mailto:xner@ujf.cas.cz
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On the superdense coding quantum  algorithm implementation 

under atmospheric turbulence 

M.P.Faleeva 

ITMO University, Saint Petersburg, Russia 

E-mail: faleeva.masha@gmail.com 

The scheme of superdense coding quantum protocol in the turbulent atmosphere is studied. The 

evolution of Bell states during the atmosphere transmission is described by means of fluctuating 

loss channel theory. The expressions of the density operators are derived using Glauber-Sudarshan 

P function approach. The turbulence influence on quantum states during the propagation is 

investigated. Background radiation, dark counts, and detection losses are included in consideration. 

The dependences of probabilities on the detectors efficiency and on the number of dark counts are 

obtained. The conditions of correct algorithm implementation are established.. 

This work was partially financially supported  by RFBR (project number 19-31-90154 
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Dynamic behavior of impulses in a network of FitzHugh-Nagumo 

biological neurons with time delay 

E.Fedorov 

ITMO University, Saint Petersburg, Russia 

E-mail: fedevg95@mail.ru 

In biological neural networks, impulse transmission between excitable units does not occur 

instantaneously. The delay itself can have a significant impact on the behavior of the system as a 

whole. For biological neurons, the time for impulse transmission between neurons can differ by 

orders of magnitude. Among the main factors affecting this, one can single out the presence or 

absence of the myelin sheath and the length of the axon. Determining the type of dynamic behavior 

and managing the dynamic behavior of the network allows identifying and predicting unwanted 

behaviors, as well as restoring the normal rhythms of the network. Behavioral manipulation 

techniques for biological neural networks are already being used in neurological diseases such as 

Parkinson's disease and epilepsy, which are associated with abnormal synchronization of groups of 

neurons. 

Several types of networks of identical neurons were considered, the transmission of impulses 

between which occurs with a time delay. For these models, criteria for various types of behavior, 

such as synchronous oscillations, asynchronous oscillations. 

This work was partially financially supported  by RFBR (project number 20-31-90036 
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Error correction quantum algorithm 

Pavel Gilev 

ITMO University, Saint Petersburg, Russia 

E-mail: grandarchtemplar@gmail.com 

 

Quantum algorithm can be rewritten via knot theory language. Non-commutative algebra could 

simplify algorithm representation. Commutative algebra could do it too. Also this representation 

adds some numeral characteristics. This characteristics allow classify algorithms with new methods 

and factorize complex algorithms to more basic quantum schemas. With that quantum verification 

will be easier problem in hypothesis. 
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Fast solution methods for operator Lyapunov equations 
Luka Grubišić 
: Zagreb, Croatia 

luka.grubisic@math.hr 
 

In this talk we present an adaptive solution method for finite element discretization of the Lyapunov 

equation. Our method is based on the extended Arnoldi algorithm of Simoncini and the auxiliary 

subspace error estimation technique for finite element discretization methods. We compare our 

solution to alternative solution methods for the Lyapunov equation such as QTT MKE method of 

Osledets. 

 This is a joint work with D. Kressner. 

mailto:luka.grubisic@math.hr


26 
 

 

 
Eikonal algebra associated with  metric graph 

A.V.Kaplun 

Saint Petersburg Department of the Steklov Mathematical Institute, RAS, 

Saint Petersburg, Russia 

E-mail: alex.v.kaplun@gmail.com 

The eikonal algebra E(Ω) is a  C*-algebra associated with the metric graph Ω. Eikonals are bounded 

self-adjoint operators determined by dynamical system , which describes the propagation of  waves 

from the boundary into the graph with finite velocity. Eikonals and algebra E(Ω) can be determined 

(up to an isometric isomophism) from dynamical and/or spectral  inverse boundary data of the 

graph. It is shown that for arbitrary graph algebra E(Ω) has a canonical block structure. The 

structure of its spectrum  (the set of irreducible representations) is studied  by analysis of the 

canonical block representation. Coordinatization of  the spectrum, which uses the eikonals as 

coordinates, enables one to construct a new graph deeply connected with the original  Ω. This result 

is the next step towards solving the inverse problem that is reconstruction of the metric graph via its 

inverse boundary data. 
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2D and 3D magnetic textures with particlelike properties. 
 

Nikolai S. Kiselev 
 

Institute for Advanced Simulation (IAS-1) & Peter Grünberg Institut (PGI-1), Forschungszentrum 

Jülich, Germany. 

 

Magnetic crystals with competing interactions allow the existence of localized magnetic 

textures possessing a lot of similarities to ordinary particles. The latter means that such magnetic 

textures can move and interact with each other. My presentation is an overview of the theoretical 

and experimental investigation of these objects made in our group within the last years. My 

presentation's main focus lies on chiral magnets as the most representative class of crystals with 

competing interactions. 

I will briefly present the chiral magnet model where the competition between Heisenberg 

exchange interaction and the Dzyaloshinsky-Moriya interaction gives rise to the emergence of 

magnetic skyrmions. For a long time, the research in this field was focused on only one type of 

skyrmions first predicted by Bogdanov and Yablonskii in 1989[1]. Recently we have shown that 

besides Bogdanov-Yablonskii-type skyrmion, the micromagnetic functional for chiral magnets 

admits a vast number (strictly speaking, an infinite number) of solutions with different topological 

charges, energies, static and dynamical properties [2-4]. In three-dimensional crystals of isotropic 

chiral magnets (e.g., Si- and Ge-based alloys with B20-type crystals), such skyrmions represent 

vortex-like tubes penetrating through the whole sample [5]. We have shown theoretically [6] and 

experimentally [7] that besides such tubes going from one free surface to another one, there are also 

other types of solutions, so-called hybrid solitons [6]. Hybrid solitons can be thought of as a 

skyrmion tube with one end – chiral bobber [6,7] or two ends –magnetic globule [8]. In the sample 

volume, the ends of the skyrmion tube represent magnetic singularities or Bloch points. The hybrid 

solitons are the true three-dimensional magnetic textures but have certain restrictions in freedom to 

move in 3D and represent topologically trivial textures [6]. In the final part of my talk, I'll briefly 

discuss other models allowing true 3D magnetic solitons [8]. 

 

[1] A. N. Bogdanov & D. A. Yablonskii Sov. Phys. JETP 68, 101 (1989). 

[2] F. N. Rybakov & N. S. Kiselev Phys. Rev. B 99, 064437 (2019). 

[3] V. M. Kuchkin, et al. arXiv:2007.06260. 

[4] V. M. Kuchkin & N. S. Kiselev Phys. Rev. B 101, 064408 (2020). 

[5] F. N. Rybakov, et al., Phys. Rev. B 87, 094424 (2013). 

[6] F. N. Rybakov, et al., Phys. Rev. Lett. 115, 117201 (2015). 

[7] F. Zheng, et al., Nat. Nanotechnol. 13 451 (2018). 

[8] G. P. Müller, et al., arXiv:1903.12446. 

[9] F. N. Rybakov, et al., arXiv:1904.00250. 
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We discuss the spectral properties of singular Schrodinger operators in three dimensions with the 

interaction supported by an equilateral star. Our main result concerns spectral optimization: we 

show that the principal  eigenvalue is uniquely maximized when the arms are arranged in one of the 

known five  sharp congurations. 
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We will consider evolution equations on networks that can be modeled by means of hyperbolic 

systems. We will discuss well-posedness under general transmission conditions that might be either 

of stationary or dynamic type - or a combination of both. Possible examples include transport and 

wave equations, 1D-Maxwell equations, linearised Saint-Venant-Exner model, 1D-Dirac equation, 

and Lord-Shulman model of second sound. 
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The theory of excitons in two dimensional materials including graphene and transition metal 

dichalcogenides (TMD) is being complicated as there appears a screened interaction in equations. 

Such interaction can be represented as Keldysh potential. The exact solution does not seem to exist 

yet. The new method of searching appropriate solutions to equations of quantum mechanics is 

believed to solve this problem by using Laplace transform of tempered distributions and Volterra 

equations.  

The method is to seek solution as a Laplace transform of some tempered distribution, that 

satisfies the appropriate spectral equation – equation which, under Laplace transform, gives us the 

initial equation. Due to Paly-Wigner-Schwarz theorem, the image function’s behavior depends on 

the geometry of original one’s support. In addition, the homogenous Volterra equation does not 

have nontrivial continuous solution. These constraints together with the fact, that the equations 

studied turn out to be the Volterra equations of III kind lead to a method that seems to solve a wide 

class of quantum mechanics equations. 
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It is proven that the spectrum of the Laplacian on a metric graph � contains arithmetic sequences if 

and only if the graph has a loop { an edge connected to one vertex by both end points. Moreover the 

length of the longest possible arithmetic subsequence is estimated using the corresponding discrete 

graph G: Our main tool is diophantine analysis, speci_cally "Lang's Gm Conjecture" concerning the 

intersection of the division group of a _nitely generated subgroup of (C_)N with a subvariety of 

(C_)N. On our way we prove recent Colin de Verdi_er's Conjecture concerning structure of 

polynomials associated with metric graphs. The trace formula connecting spectra of standard 

Laplacians on metric graphs to the sets of periodic orbits allows us to construct a large family of 

exotic crystalline measures, studied recently by Y. Meyer. Crystalline measures are discrete 

measures with Fourier transform being a discrete measure as well. Our analysis in the _rst part 

imply that constructed measures are not just combinations of Poisson summation formulae. 

This is a joint work with Peter Sarnak. 
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Dynamics of a domain wall (DW) in the magnetic core of circular cross-section at amorphous glass-

coated bistable nanowires with inhomogeneities is studied. The systematic analytical approach for 

searching general solutions of the Landau-Lifshits-Gilbert (LLG) equation as continuous 

Heisenberg 3D model is proposed.The approach includes a nonlinear transformation of the 

boundary problem for the 3DLLG to the problem for the linearized transform  A link between a 

material structure and a DW mobility is established that explains certain experimental data. 
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Department of Chemistry, Faculty of Science, Hiroshima University,  

Hiroshima, Japan 

eonov@hiroshima-u.ac.jp 

In my talk, I overview the basic physical properties of axisymmetric [1] and non-axisymmetric [2] 

defect-free skyrmions. In particular, I show that the skyrmions embedded in the saturated phase 

repel one another, whereas the skyrmions within the conical phase are mutually attractive and so 

tend to produce clusters. I also report experimental results on attractive magnetic skyrmions in the 

cubic helimagnet Cu2OSeO3 [3] and repulsive skyrmions in PdFe bilayers with induced 

Dzyaloshinskii-Moriya interactions and strong easy-axis anisotropy [1]. Moreover, the attracting 

skyrmions were predicted to underlie precursor phenomena (e.g., A-phase in B20 magnets) [4]. 

Skyrmions may also become oblique with respect to the field. In particular, in Cu2OSeO3 due to 

the competing exchange and cubic anisotropies [5], the conical phase tilts away from the field 

direction and thus underlies the deviation of skyrmions. As a result, attracting oblique skyrmions 

may potentially form extended networks in which their axes are not parallel to each other as in 

previously reported skyrmion clusters. Skyrmion networks with mutually orthogonal isolated 

skyrmions [6] were directly visualized in thin layers of chiral liquid crystals. We used chiral 

nematics as a model system for probing the skyrmion behavior due to the similarity of 

phenomenological models for both condensed-matter systems, chiral magnets and liquid crystals. 

Thus, in the present abstract by experimental and theoretical means, I will introduce different 

classes of non-axisymmetric skyrmions and elucidate the principles of their meshing into a large 

diversity of extended three-dimensional skyrmionic networks in chiral magnets and liquid crystals.  

 

[1] Leonov A. O., Monchesky T. L., Romming N., Kubetzka A., Bogdanov A. N. , Wiesendanger 

R. (2016). The properties of isolated chiral skyrmions in thin magnetic films. New J. of Phys. 18, 

065003. 

[2] Leonov A. O., Monchesky T. L., Loudon J. C.,  Bogdanov A. N. (2016). Three-dimensional 

chiral skyrmions with attractive interparticle interactions. J. Phys.: Condens. Matter 28, 35LT01. 

[3] J. C. Loudon, A. O. Leonov, A. N. Bogdanov, M. Ciomaga Hatnean, and G. Balakrishnan, Phys. 

Rev. B 97, 134403 (2018). 

[4] L. J. Bannenberg, H. Wilhelm, R. Cubitt, A. Labh, M. P. Schmidt, E. Lelièvre-Berna, C. Pappas, 

M. Mostovoy and A. O. Leonov, npj (Nature Partner Journal) Quantum Materials 4, 11 (2019). 

[5] F. Qian, L. J. Bannenberg, H. Wilhelm, G. Chaboussant, L. M. Debeer-Schmitt, M. P. Schmidt, 

A. Aqeel, T. T. M. Palstra, E. Brück, A. J. E. Lefering, C. Pappas, M. Mostovoy, A. O. Leonov, 

Science Advances 4, eaat7323 (2018). 

[6] H. R. O. Sohn, S. M. Vlasov, V. M. Uzdin, A. O. Leonov, and I. I. Smalyukh, Phys. Rev. B 100, 

104401 (2019).-- 
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In some areas of physics, it might be of interest to consider a generalization of the notion of the 

matrix determinant to infinite-dimensional operators. We consider two types of operators on the 

finite interval with Dirichlet boundary conditions -- the operator connected with the damped wave 

equation and the polyharmonic operator. With the use of the result of the paper [1] we evaluate 

these functional (spectral) determinants and in the case of the polyharmonic operator  
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we also obtain its asymptotics for large n. We point out some issues connected with the functional 

determinants. 

 

This is joint work with P. Freitas based on the papers [2, 3]. 

 

[1] D. Burghelea, L. Friedlander, and T. Kappeler, 

On the determinant of elliptic boundary value problems on a line segment, 

\emph{Proc. Amer. Math. Soc.} {\bf 123} (1995), 3027--3038. 

[2] P. Freitas, J. Lipovský, Spectral determinant for the damped wave equation on an interval, 

\emph{Acta Physica Polonica A} {\bf 136} (2019), 817--823 [arXiv: 1908.06862 [math-ph]]. 

[3] P. Freitas, J. Lipovský, The determinant of one-dimensional polyharmonic operators of arbitrary 

order, preprint [arXiv: 2001.04703 [math-ph]]. 
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Artificial neural networks (ANN) are proved to be a key ingredient for speech recognition, 

natural language processing, computer vision and other artificial intelligence tasks. Hardware 

implementation of ANN in an analog computer can increase number of solvable tasks, boost 

network complexity and reduce manufacturing cost. In the last few years several magnetic 

neuromorphic devices were proposed, see e.g. [1-2]. Huge drawback of the solutions is need of 

external conventional computer for training, hence the suggestions can not be a substitution for 

convenient GPU or FPGA implementations of ANNs. We propose another approach combining 

evaluation and training phases in the same hardware capable of self-learning without external help. 

 Our simple device shown in the 

figure is able to solve 1D binary 

classification problem where 

classes are separated by a threshold 

value, which is not known to the 

device. Main part of the device is a 

chain of magnetic atoms, the input 

is encoded as external magnetic 

field on one end of the chain, and 

the output is read as magnetic field 

on the other end. The input 

propagates through the chain due 

to Heisenberg exchange. Round 

off of magnetization to one of the classes is because of easy axis anisotropy. To tune the rounding 

off we introduce one macrospin, playing role of weights in ANN, for each atom of the chain 

connected with the atom by Heisenberg exchange. Both training and evaluation is performed by 

energy minimization due to dissipation. To process several inputs simultaneously, the chains are 

organized into tracks such that the tracks do not interact with each other directly, but they share the 

same weights. To learn the threshold value, the external field is applied to both ends of each track 

providing both input and desired output value. During relaxation weights are oriented to minimize 

total energy of the system. The energy encodes both evaluation error and cost function. To evaluate 

the classificator. output of one track is freed and input value is supplied to the track, while other 

tracks are used for training. The device was numerically simulated using Heisenberg model with 7 

spins in the chain, 30 tracks and carefully tuned system parameters. System energy was minimized 

to find weights and compute outputs. Simulation was performed for different threshold values. Both 

precision and recall were higher than 90% for all thresholds.  

This work was funded by Russian Science Foundation (Grant 19-42-06302). 

J. Grollier, D. Querlioz, K. Y. Camsari, K. Everschor-Sitte, S. Fukam, M. D. Stiles. Neuromorphic 

spintronics. Nature Electronics 3, 360–370 (2020). 

2.Kyung Mee Song, etc. Skyrmion-based artificial synapses for neuromorphic computing. Nature 

Electronics 3, 148–155 (2020) 
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Quantum graphs with infinitely many vertices and edges will be discussed. We do not assume that 

there is a positive lower bound on the lengths of its edges. Our main result is a close connection 

between spectral properties of a quantum graph and the corresponding properties of a certain 

weighted discrete Laplacian on the underlying discrete graph. Using this connection we will discuss 

spectral properties of infinite quantum graphs (several self-adjointness results, the problem of lower 

semiboundedness, spectral estimates, and spectral types). 

The talk is based on works [1]-[3]. 

 

1. A. Kostenko and M. Malamud, One-dimensional Schrodinger operator with delta-interactions, 

Funct. Anal. Appl. 2010. Vol. 44, no. 2, pp. 151–155. 

2. A. Kostenko and M. Malamud, 1–D Schrodinger operators with local point interactions on a 

discrete set, J. Differential Equations. 2010. Vol. 249, pp. 253–304. 

3. P. Exner, A. Kostenko, M.M. Malamud, and H. Neidhardt, Spectral Theory of Infinite Quantum 

Graphs. Annales Henri Poincare. 2018. Vol. 19, No 11, pp. 3457 – 3510. 

mailto:malamud3m@gmail.com


37 
 

Transparent quantum graphs:  A model for tunable quantum 

transport in branched structures 

Davron Matrasulov 

Tashkent,   Uzbekistan 

dmatrasulov@gmail.com 

 

Modeling the transport of quasiparticles in low dimensional quantum functional materials is of 

crucial importance for engineering of advanced electronic and optoelectronic devices and 

miniaturization of novel technologies. Among such materials those having branched structured 

attracted much attention during the past decades. Description of quasiparticle dynamics in quantum 

regime requires using effective methods providing realistic models which are consistent with such 

functional materials. In this context quantum graphs can be considered as a powerful tool for 

modeling of quantum transport in branched structures. An important issue arising in modeling 

quantum transport in terms of quantum graphs is the transmission and scattering of quasipartcles at 

the graph nodes. Minimal reflection of lack of backscattering makes the branched structure very 

effective from the viewpoint of signal transfer and energy, charge and spin transport. This leads to 

the problem of revealing physical conditions (constraints) providing such transmission. 

Corresponding mathematical problem implies imposing the boundary conditions at the graph nodes 

for the quantum mechanical wave equations. Here one can use so-called concept of transparent 

boundary conditions by adopting it to quantum graphs. In this work we present application of such 

an approach to Schrodinger and Dirac equations on graphs describing nonrelativistic and relativistic 

quantum transport in branched structures. 
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We define the solution of a  semi-infinite Toda lattice for a wide class of unbounded initial data. By 

using some ideas of J. Moser for a finite-dimensional case, we derive the evolution of moments of 

the spectral measure of semi-infinite Jacobi operator associated with the Toda lattice via the Lax 

pair. 
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Magnetic skyrmions and other soliton structures are important candidates for future magnetic 

storage and computing devices. Skyrmions were discovered as particles stabilized by antisymmetric 

exchange, but recent studies show that skyrmions at room temperature in ferromagnetic materials 

are hundreds of nm in size, and the dipolar interaction makes a significant contribution to the 

energy of particles and their stability, especially for three-dimensional structures. For some 

parameters of the system, two skyrmion-like states of different sizes can exist simultaneously [1]: 

the smaller of them is stabilized by the Dzyaloshinskii – Moriya (DMI) interaction, and the larger, 

by the dipole interaction. In all cases, the dipole interaction significantly increases the skyrmion size 

and stability. The influence of the dipole interaction on isolated skyrmions and antiskyrmions was 

studied in [2] via micromagnetic modeling in a circular region with a diameter of 400 nm. Using 

ansatz [1] for the skyrmion shape, we were able to reproduce the dependence of the skyrmion radius 

on the saturation magnetization (Ms) for fixed exchange constants numerically calculated in [2]. We 

also showed that for unbounded domains the skyrmion radius is finite only if the contribution of the 

dipole interaction is less than a certain value. This value is smaller for larger film thicknesses.  

Skyrmion and anti-skyrmion lattices can 

exist at sufficiently high magnetizations. To 

simulate an (anti) skyrmion lattice, we 

considered a 400x400 square lattice with a 

lattice constant of 1 nm and with periodic 

boundary conditions. The Heisenberg 

interaction, DMI, anisotropy and 

demagnetizing fields were taken into account. 

The method for calculating demagnetization 

fields is given in [3]. This two-dimensional 

case corresponds to a very thick film, so 

undistorted skyrmion tubes were investigated. 

The skyrmion radius exhibited the same 

qualitative behavior as for isolated skyrmions, 

closely matching the 5 nm film thickness. The 

shape of the antiskyrmion is shown in the 

figure, where the domain size is 400×400 nm, 

the arrows show the orientation of the magnetization, and their color is the out-of-plane component. 

The background color corresponds to the potential of the demagnetizing field. With the same 

thickness and parameters as in [2], and Ms = 3 * 10
5
 A / m, the antiskyrmion in the lattice has a 

three times larger radius than the isolated one. Another feature of the lattice phases is that the 

skyrmion turns out to be more stable than the antiskyrmions. 

This work was funded by Russian Science Foundation (Grant 19-42-06302). 

1. F. Büttner, I. Lemesh, G. S. Beach.  Sci. rep., 8(1), 1. (2018) 

2. L. Camosi, N. Rougemaille, O. Fruchart, J. Vogel, S. Rohart. Phys. Rev. B, 97, 134404 

(2018) 
3. M. A. Moskalenko, I. S. Lobanov, V. M. Uzdin. Nanosystems: Phys., Chem., Math. 11, 401 (2020)
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Quantum graphs: spectral and parabolic properties 
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Laplacians on metric graphs are interesting objects with a rich parabolic and spectral theory. 

We review three recent recent directions in this field: existence and asymptotics results for 

spectral minimal partitions; evolution on randomly evolving graphs; and heat kernel liftings 
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In this study, we consider a quantum waveguide with random boundary conditions. Precisely we 

consider Laplace operator restricted to a two dimensional straight strip of width d. We consider 

Dirchilet boundaries condition on y = 0, while on y = d we consider mixed, Neumann and Dirchilet 

boundaries condition in a random way. We prove that the integrated density of states of the relevant 

operator exhibits Lifshitz behavior at the bottom of the spectrum. This result could be used to prove 

localization at the bottom of the spectrum. 
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This is a survey of recent results on finite energy standing waves in NLS with power type 

nonlinearity on infinite metric graphs. We focus on  waves with finite energy and prescribed 

frequency. Two cases are considered: (a) Linear potential is infinite at infinity, and (b) The 

graph and the NLS are periodic. 

In both cases some existence results are obtained with the help of critical point theory of 

smooth functionals including, in particular, the method of generalized Nehari manifold 
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We study the two-dimensional Dirac operator with a class of interface conditions along a smooth 

closed curve, which model the so-called electrostatic and Lorentz scalar interactions of constant 

strengths, and we provide a rigorous description of their self-adjoint realizations and their 

qualitative spectral properties. We are able to cover in a uniform way all so-called critical 

combinations of coupling constants, for which there is a loss of regularity in the operator domain. 

For the case of a non-zero mass term, this results in an additional point in the essential spectrum, 

which reflects the creation of an infinite number of eigenvalues in the central gap, and the position 

of this point can be made arbitrary by a suitable choice of the parameters. The analysis is based on a 

combination of the extension theory of symmetric operators with a detailed study of boundary 

integral operators viewed as periodic pseudodi_erential operators.  

Based on a joint work with Jussi Behrndt (Graz), Markus Holzmann (Graz) and Thomas Ourmieres-

Bonafos (Marseille). 
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Skyrmions and antiskyrmions are localized magnetic states that have been proposed as elements 

in future spintronics devices. While a lot of theoretical and experimantal efforts have been spent on 

skyrmions, antiskyrmions were discovered in acentric tetragonal Heusler compounds quite recently 

[1], and there are only few theoretical works devoted to their stability [2]. 

Figure 1. Energy of antiskyrmion and skyrmion states as a function of the angle  of inclination of 

the magnetic field. Configurations (1), (2), (3), (4) and (5) correspond to the marked points on the 

graph and show the evolution of the skyrmion and antiskyrmion states with an increase in angle . 

Here, we study the antiskyrmion state in magnetic field tilted with respect to the normal of the 

sample surface of Heusler alloy [1]. Plot in figure 1 (top left) shows the energy of antiskyrmion 

state as a function of slope angle θ (blue curve). When θ reaches a value of about 40°, the 

coexistence of the skyrmion state with the antiskyrmion state is observed (orange curve). Figures 

(1), (2), (3), (4) and (5) show the evolution of skyrmion and antiskyrmion state with an increase in 

the angle of inclination of the magnetic field. Coexisting particles with opposite topological charges 

were discovered in experimental works [2, 3]. There, counterpart state was obtained from 

antiskyrmion by tilting the magnetic field, which is in agreement with our simulation. 

The work was supported by the Foundation for the Advancement of Theoretical Physics and 

Mathematics “BASIS” (19-1-1-12-1,2) and by RFBR, grants 18-02-00267 and 19-32-90048 

1. A.K. Nayak, V. Kumar, T. Ma, P. Werner, E. Pippel, R. Sahoo, F. Damay, U.K. Rößler,            

C. Felser, and S.S.P. Parkin.  Nature  548, 561 (2017)  
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Nat Commun 11, 1115 (2020) 
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Seki, X.Yu, Y. Tokura. Nat. Nanotechnol. 15, 181 (2020) 
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This talk is based on some research work done in collaboration with Horia Cornean and Bernard 

Helffer and presents some spectral information based on a rigorous version of the Peierls-Onsager 

effective Hamiltonian procedure in a rather general setting in which: 

 - no localized Wannier functions are supposed to exist;  

- no spectral gap is supposed to exist in absence of the magnetic field; 

- the magnetic field is supposed to be weak, but not constant; more precisely it is supposed to have a 

nonvanishing small mean value with rather general fluctuations of a smaller magnitude. 

 

In this situation we prove the existence of isolated spectral mini-bands present close to the Landau 

levels associated with the mean value of the magnetic field. 
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Let H be the Landau Hamiltonian with scalar constant magnetic field b>0. It is a classical result that 

the spectrum of H consists of eigenvalues b(2q+1), q=0,1,2,..., known as Landau levels. It was 

shown in the article by F. Klopp and G. Raikov, IMRN, 2009, 4726 - 4734, that if we perturb H by 

a sign-definite non-zero bounded measurable electric potential V with uniform norm smaller than 

2b, then Ker (H+V -b(2q+1)I) = {0} for all q.  

I will discuss the fate of the Landau levels under singular potentials supported on closed regular 

curves in the plane.  

This is a joint work with J. Behrndt, M. Holzmann (Graz), and V. Lotoreichik (Prague).  

Partially supported by the Chilean Scientific Foundation Fondecyt under Grant 1170816. 
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The spin-filtering properties in two coupled Rashba quantum rings were studied by using quantum 

graph approach. We show the dependence of spin-polarization on system parameters such as the 

Rashba coupling constant, the radius of the rings, the angles between the leads and the attachment 

point of the rings. The spin-polarization can be controlled and changed from -1 to +1 by using a 

magnetic flux. Also it was shown that this model is a limiting case of double Rashba quantum ring 

when the length of the middle lead between rings vanishes. 

The work was supported by RFBR grant 19-31-90164 
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Figure 1: Phase diagram, I – cone, II – helicoid, 

III – oblique spiral 
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Chiral magnetic systems have attracted considerable attention in recent years as media in which 

non-collinear local magnetic structures can exist at various spatial scales. In the continuous limit, 

these systems are protected from thermal fluctuations, but at the nanoscale, discrete lattice effects 

and restricted geometry effects play an essential role in their stability and properties. From this 

point of view, it is of interest to study the phase diagram of layered structures as a function of the 

surface anisotropy at the boundary and “bulk” anisotropy inside the film. 

We consider the magnetic moments localized at the sites of a simple cubic lattice inside a film with 

20 layers thick. Free boundary conditions and periodic boundary conditions were used on the film 

surfaces , and in its plane, respectively. Easy axis anisotropy κs was presupposed  on both surfaces 

and easy plane anisotropy κu inside the film. Chiral Dzyaloshinskii-Moriya interaction was adopted  

to obtain a helical state with one full turn at a distance equal to the film thickness in a bulk 

material.. 

Along with a chiral magnetic system, this model describes a system of cholesteric liquid crystals 

(LCs) when it is assumed that all Frank modules of the LC are equal. 

Figure 1 shows the phase diagram of the system 

in dependence on the surface and bulk 

anisotropies. 

There are 3 regions shown in different colors. 

Domain I corresponds to the cone ground sate, 

domain II is a horizontal spiral state with q-

vector along the x-axis. We considered only the 

state homogeneous along the y-axis. Domain 

III corresponds to an inclined spiral state with 

q-vector tilted with respect to the z-axis. 

For some set of parameters, such states have 

lower energies than the cone state as well as 

horizontal spiral configurations. Those oblique 

spirals may change the angle of their 

inclination with the anisotropy. The minimum 

energy paths from inclined to uninclined spirals 

were studied. Different parts of the phase 

diagram host different localized topological structures: skyrmions and thorons at the upper part of 

the I domain, skyrmions only at the lower part, skyrmions, perpendicular to the spiral axis at the 

domain II, different kinds of topological structures in domain III.  

This work was supported by the Foundation for the Advancement of Theoretical Physics and 

Mathematics “BASIS” (19-1-1-12-1,5) and by RFBR, project N 18-02-00267 
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We study minimum-energy pathways (MEPs) between the branches of metastable helical 

structures in chiral nematic liquid crystals (CNLCs) subjected to the electric field applied across the 

cell. By performing stability analysis [1] we have found that, for the branches with non-vanishing 

half-turn numbers, the threshold (critical) voltage of the Freedericksz transition is an increasing 

function of the free twisting wave number. The geodesic nudged elastic band (GNEB) method [2] is 

used to find minimum-energy paths. For each MEP passing through a first order saddle point we 

have computed the energy barrier as the energy difference between the initial and the saddle-point 

structures at different values of the applied field [3]. In our calculations, where the initial 

approximation for a MEP at the next step was determined by the MEP obtained at the previous step, 

the electric field dependence of the energy barrier is found to exhibit the hysteresis (see Figure 1).  

 

This is the hysteresis of electrically driven transition of the saddle-point configuration between the 

planar and the tilted structures involving out-of-plane director deformations. It turned out that, by 

contrast to the second-order Freedericksz  transition, this transition is first order and we have 

studied how it depends on the anchoring energy strengths and the elastic anisotropy. 

The work was supported by the Foundation for the Advancement of Theoretical Physics and 

Mathematics “BASIS” (19-1-1-12-1,5) and by RFBR, project N 18-02-00267a 
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[2] S. S. Tenishchev, A. D. Kiselev, A. V. Ivanov, V. M. Uzdin, Phys. Rev. E 100, 062704 (2019).  

Figure 1 Hysteresis loop of different path scenarios between half-turn and full-turn states. Blue line 

indicate barrier energy of rotation scenario, green line indicate barrier energy of anchoring breaking 

scenario. 
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We investigate a polarization properties of quantum optical signals during the phase modulation 

process which is described in the frameworks of full analitycal model based on algebraic approach 

to multimode parammetrical processes. Modes with Fock, coherent and squeezed single and two 

mode quantum states are of particular interest. Using correlation matrix approach we analyse 

statitical properties of Stokes polarization operators up to moments of second-order. The results we 

obtained may be widely used in the quntum cryptographpic systems with polarization encoding 
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Two-dimensional waveguides coupled through small windows are considered. First terms of the 

asymptotic expansion of resonances are obtained and studied for the case when the distance 

between the windows decreases. Method of matching of the asymptotic expansions of solutions of 

boundary value problems is used  
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The stability of topological structures with respect to thermal fluctuations is a key problem for their 

practical use as memory elements, information transfer, and neuromorphic devices. Topological protection, 

strictly speaking, exists only for continuous systems. The magnetic moments in chiral magnetic structures 

are localized at the sites of the crystal lattice, and the question of how the stability of systems changes with 

decreasing lattice constant is of great interest both for fundamental science and for applications. 

The skyrmion states were calculated in the domain 30x30 moments with periodic boundary conditions. 

Then the lattice constant decreased by a factor of N, and the parameters of the system were changed in such 

a way as to preserve (for large enough N) the size and the energy of skyrmions. The figure 1 shows states 

with N = 1, 3 and 9. The calculations were performed up to the N=150. 

Figure 1 Skyrmion in chiral magnetic structures with different lattice constant d=d0/N  

Lifetimes of magnetic states were evaluated on the basis of transition states theory for magnetic degrees 

of freedom. Activation barriers for annihilation were found using truncated minimum energy path method 

[1]. The calculating of the pre-exponential factor was performed on the basis of new method [2] without 

finding of eigenvalues of the Hessian of energy. It makes it possible to calculate the lifetime of a system with 

millions of magnetic moments, something that has not been possible by standard methods so far.  

The developed theoretical approach can be used to calculate the lifetimes of skyrmions in 

antiferromagnetic materials [3], three-dimensional topological structures [4]. The computational  challenges 

arising for systems with a huge dimension of energy surfaces are formulating and discussing. 
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Spin-orbit torque (SOT) generated by an in-plane current in a heavy-metal layer can induce magnetization 

switching in a supported ferromagnetic element [1], therefore opening a wide range of opportunities for the 

manipulation of the magnetization such as bit operations in nonvolatile magnetic memory devices.  

In this study, we use the optimal control theory to demonstrate that the energy cost of the SOT-induced 

magnetization switching can be reduced by fine-tuning of the electric current pulse. We derive a complete 

analytical solution to the energy-efficient reversal of a macrospin under SOT. We calculate optimal control 

paths (OCPs) of the magnetization reversal, i.e. reversal trajectories minimizing the energy cost of 

magnetization switching and explore how the OCPs depend on the material properties and the switching 

time. Both the time-dependent amplitude and direction of the in-plane current are reconstructed from the 

calculated OCPs by solving the inverse problem in the modified Landau-Lifshitz-Gilbert equation equipped 

with the SOT term. 

We apply the analytical solution for energy-efficient SOT-induced switching to the Ta/CoFeB/MgO-based 

element, a system where the magnetization reversal has recently been studied experimentally [2]. We find 

that the energy cost of the optimal reversal is significantly lower than that of the conventional reversal 

induced by the direct current (see Fig. 1). Our results shed light on the problem of optimal control in 

magnetization reversals in nanoelements and open valuable perspectives for the minimization of the energy 

consumption of SOT-based devices by proper shaping of the control pulses of electric current.  

  

Figure 1. Optimal magnetization reversal in the Ta/CoFeB/MgO-based element induced by SOT. 

(left panel) Energy cost of the reversal as a function of switching time for the optimized current 

pulse (solid line) and for the direct current (dashed line). The energy cost is defined proportional 

to Joule heating produced during the reversal, i.e. the square of the electric current integrated over 

the switching time. The switching time is defined as the time when the component of the 

magnetic moment  of the particle along the easy anisotropy axis (z direction) vanishes. (right 

panel) Evolution of mz (dashed line) induced by the optimal current pulse (solid lines). 
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Two-dimensional quantum waveguides with common semitransparent wall are considered. It is 

assumed that there is a small window in the separating wall. It leads to appearance of an eigenvalue 

below the continuous spectrum. Semitransparent wall is introduced as a potential supported by a 

hypersurface. We use method of asymptotic expansions of boundary problems solutions. It allows 

us to obtain the main term of the asymptotics explicitly. 
 


